Abstract -Aromaticity can be interpreted as extra stabilization of a cyclic unsaturated molecule arising from cyclic conjugation of mr-electrons. The extra stabilization energy is estimated relative to the r-electron energy of a hypothetical reference molecule formed by the "localized" ir bonds. It is termed the resonance energy due to aromaticity. Our graph theory of aromaticity defines this type of resonance energy exactly. Diamagnetic susceptibility due to ring currents can be formulated in the same graph-theoretical terms. This formula reveals that aromatic stabilization and diamagnetic susceptibility exaltation arise from the same cyclic interactions of v electrons. For conjugated systems, both monocyclic and polycyclic, the susceptibility due to a ring current induced in any of the Tc-electron rings is roughly proportional to the contribution of the ring to the resonance energy, multiplied by a factor proportional to the ring area squared.
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JUN-ICHI AIHARA resonance energy and experimental stability for many compounds (8) (9) (10) . Hess and Schaad showed that Dewar resonance energy can also be defined in terms of HUckel molecular orbital (HMO) theory (7, 11, 12) . The success of definition of Dewar resonance energy rests primarily on the apparent additivity of bond energies in acyclic polyenes. The next step forward was to formulate Dewar resonance energy without using empirical "polyene" bond energies, namely, to construct a non-parametric theory of aromaticity. Analytic aspects of aromaticity do not emerge from sophisticated MO theory, because the detailed complexity of the calculations hides them. However, they had a lucky chance of emerging from treatments which focused on molecular topology. For polycyclic hydrocarbons, Dewar resonance energy correlates well with particular structural features of the molecule (2,13). The HMO theory of conjugated systems can be reduced to a graph-theoretical formalism (14,15). This formalism was found to allow an exact mathematical definition of the Tr-electron energy of a "localized" reference structure. We then managed to construct a graph theory of aromaticity on this basis (16, 17) . The London theory of diamagnetism due to ring currents (18,19) was incorporated in this theoretical framework (20) (21) (22) . It was made clear that diatropic compounds, i.e., compounds with diamagnetic ring currents, often have strong conjugative stabilization. In this paper, a general survey of this theory of aromaticity is made in conjunction with diatropicity.
STABILITY OF BUTALENE
As an illustration of the theory, let us consider aromatic character of butalene. Its conjugated system K is shown in Fig. 1 
Aroinaticity and diatropicity
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Here, c is an energy variable; is a resonance integral between bonded carbon atoms i and j; for simplicity, all carbon atoms are assumed to have a constant value for the Coulomb integral c, but this is not a necessary condition for the present theory.
As we may see from eq. (1), all coefficients of the polynomial are expressible in terms of closed cyclic products of resonance integrals (24) (25) (26) (27) In addition to these bond interactions, there are another type of interactions. They are expressed as closed cyclic products of more than two resonance integrals. These products appear in pairs like ijjk' pqqi and iqqp 313i• Pairing products are equal in magnitude, because these are products of resonance integrals around the same v-electron ring.
Such a ring-type product of resonance integrals represents a clockwise (C4) or counterclockwise (C) displacement of all v electrons located around the ring concerned. Therefore, this will be called a ring interaction. Three pairs of ring interactions appear in eq. (1), corresponding to three possible ways of choosing one v-electron ring from K. As shown in magnitude depends upon all coefficients of PK(X), each coefficient being expressed in terms of bond and/or ring interactions. If any of these interactions change in magnitude, the six roots will also change to a varying extent. Here, we assume that all bond interactions are constant, but that all pairs of ring interactions can be treated as independent parameters. Then, X. can be expressed hypothetically as a function of three pairs of ring interactions, i.e., X.=X.(C1,C2,C3).
This is not the result of logical reasoning, since all the ring interactions are not independent of each other; they are not independent of the bond interactions, either. Then, if C1's take their respective values in real butalene, the jth v-electron MO energy will be expressed in the form:
since X.(c.-a)/13.
For acyclic polyenes, no ring interactions appear in the coefficients of the characteristic polynomial, since there are no v-electron rings. In this view, the non-existence of ring interactions may be essential to the "localized" nature of v bonds in these compounds. Conversely, it is highly probable that ring interactions bring about delocalization of ii bonds in cyclic conjugated systems. Since both aromatic and antiaromatic molecules always have cyclic conjugated systems (8, 29) , aromaticity and antiaromaticity might be attributed to the ring interactions.
This way of chemical thinking leads to the central postulate, that is, if all ring interactions happen to vanish in a cyclic conjugated system, all the v bonds would be localized as in acyclic polyenes. This postulate asserts that, if there were no ring interactions in butalene, the jth v-electron MO energy would change to: (5) In practice, the value for X(OOO) is given as the jth zero of the 
In other words, XJ(OOO) is the jth root of the equation RK(X)=O. RK(X) is termed a reference polynomial for the conjugated system K (16,30), which may be interpreted as a characteristic polynomial for the reference structure with "localized" r bonds.
Next, let us calculate explicitly the ir-electron MO energies of butalene and its reference structure. For simplicity, we assume that there is no bond alternation in K, so that all resonance integrals can be set equal to 3. In this case, B2 for all v bonds, and C3m, where m is the number of carbon atoms constituting the ring. A characteristic polynomial for butalene becomes:
PKX7X+7X1.
The 'i-electron MO energies obtained from this polynomial are shown in Fig. 4 .
Six r electrons are put into the first three MO's, giving a total Tr-electron energy of 6ct7.657i3 for butalene. A reference polynomial for this compound becomes:
The resulting Tr-electron MO energies are compared in Fig. 4 . Six roots are again placed in the first three MO's, giving a total Tr-electron energy of 6ct+8.26l for the butalene reference structure. The resonance energy is defined as the difference between these two total u-electron energies. Here and hereafter the term "resonance energy" is used in Dewar's sense (8, 11) . It is -0.604 for butalene, where 13 is an absolute value of 3. A large negative value of the resonance enrgy indicates that butalene might be much more unstable than common acyclic polyenes with no ring interactions. In fact, this compound is very unstable, and cannot be isolated from the frozen matrix (31). As far as butalene is concerned, agreement between theory and stability thus appears acceptable (32).
GENERAL DEFINITION OF RESONANCE ENERGY
The above definition of resonance energy can be extended easily to include all cyclic conjugated hydrocarbons (16,30). Let a given hydrocarbon contain N carbon atoms and u u bonds in the conjugated system G. Different bond interactions are defined for all these TI bonds. If v pairs of closed cyclic products of more than two resonance integrals can be chosen from G, v pairs of ring interactions are defined by them. This means that there are v ways of choosing an annulene-like Ti-electron ring from C. Expansion of the secular determinant yields a characteristic polynomial of the same type as eq. (2), and this is denoted by PG(X). Coefficients of PG(X) can be expressed in terms of u bond and v pairs of ring interactions and 13.
Our formalism requires that all bond interactions be constants, but that all pairs of ring interactions can be treated as independent parameters; we assume that each pair of ring interactions can take any value independently of other interactions in the same conjugated system. This is a trick to tackle the problem of aromaticity. Suppose C denotes a pair of ring interactions in the ith Ti-electron ring, and N roots of the equation PG(X)=O can be expressed formally as functions of v pairs of ring interactions, i.e., X=X(C1C2. ..,C1,C), (9) where Xi's are numbered in decreasing order. When Ci's really take their respective values in G, the jth i-electron MO energy is given by: (10) The total TI-electron energy for G is then: (11) where is the number of TI electrons in the jth Ti-electron MO.
On the other hand, the Ti-electron MO energies of the "localized" reference structure are given formally by: total Ti-electron energy for this reference structure is:
ETi° ( 13) Here, is the number of ii electrons in the jth Ti-electron MO, which must be chosen so as to minimize ETi° (34). We are finally led to the resonance energy defined by:
This resonance energy represents the contribution of all ring interactions to the total Ti-electron energy; it is an extra stabilization energy of C to be expected in comparison with a "localized" reference structure, defined by eq. (12). Both eqs. (11) and (13) apply not only to neutral conjugated systems but also to ionic ones (16,30,35-37).
For conjugated hydrocarbons with no alternation of Ti-bond lengths, all resonance integrals can be set equal to 13. In this case, a reference polynomial greatly simplifies to (14-16):
Here, [N/fl is a maximum integer not larger than N/2, and p(j) the number of ways of choosing j disjoint r bond from G. This formula is of general use for simplifying the computational procedure.
It is noteworthy that eq. (15) also gives a definition of a characteristic polynomial for acyclic polyenes (14) . This indicates that a characteristic polynomial for an acyclic polyene is exactly the same as its reference polynomial. Therefore, the resonance energy vanishes for such a system. Thus, our theory satisfies Dewar's requirement that acyclic polyenes be nonaromatic with no resonance energy (8) . Furthermore, the reference polynomial defined by eq. (15) is either an even or odd function of X, depending upon the number of conjugated carbon atoms. Consequently, the energy levels are symmetrically disposed about X=O; when X is a root of the equation RG(X)=O, -X is also a root. In this view, the reference structure defined for any conjugated hydrocarbon can be regarded as a kind of alternant hydrocarbon (38). A characteristic polynomial can be readily obtained, if necessary, by expanding: PG(X)= (16) in which Xi's are given by solving the secular equation for G.
One of the best ways of testing the validity of our theory is to compare the calculated resonance energies with those of Hess and Schaad (11), both based on the simple HMO model. The latter ones have been accepted as being of Dewar type, since the energies of the tllocalizedft reference structures were estimated with empirically chosen "polyene" u-bond energies. In fact, our resonance energies (16,35) correlated very well with those of Hess and Schaad (11), with a correlation coefficient of 0.967 for 40 typical hydrocarbons (TABLE 1) . Such an excellent correlation (39) unanimously justifies the expectation that our resonance energies would be of Dewar type. We can now say that the reference polynomial, as defined by eq. (15), really represents a "localized" structure with polyene-like it bonds; bond interactions are the only source of "localized" Ti-bond energies in acyclic polyenes and in the reference structures of cyclic conjugated systems alike. Mathematically, this comes from the fact that RG(X) for cyclic conjugated systems is defined in the same manner as PG(X) for acyclic polyenes with "localized" it bonds.
Therefore, the resonance energy defined by eq. (14) can naturally be associated with aromaticity or antiaromaticity, depending upon the sign.
In general, an aromatic compound is characterized by the appreciable positive resonance energy, and an antiaromatic compound by the appreciable negative resonance energy (8-13). However, if two compounds have resonance energies comparable in magnitude, that of smaller size will be more stable (11,12). Thus, when compounds of different size are compared, the percent resonance energy (%RE) , rather than the overall resonance energy, is particularly suitable (40,41). The %RE is defined as 100 times the resonance energy, divided by the energy of the reference structure. As shown in TABLE 1, the %RE value is quite consistent with experimental stability for a variety of compounds. Compounds with %RE)O.50 are generally stable, and most compounds with %RE(-O.50 are extremely unstable (41). Resonance energy per it bond also serves as a practical measure of stability (42). As for annulenes, those with (4n÷2) ii electrons are predicted to be aromatic, and those with 4n it electrons to be antiaromatic. These predictions are in complete agreement with HUckel's (4n+2) rule (43-45). When n is large enough, the two series of annulenes are essentially nonaromatic, having negligible %RE's. Radialenes are all predicted to be nonaromatic. These compounds have been regarded as representative cyclic polyenes (8, 44, 45) .
So far, the theory has been described in terms of the simple HMO model. This model is best applicable to alternant hydrocarbons, but is less applicable to nonalternant ones with uneven charge distributions (46,47). For example, calicene and sesquifulvalene have been predicted to have very large resonance energies (11,16,30), although chemically they behave like polyenes (48). The w-technique calculations (46,47) greatly ameliorate this situation (41). As we have seen, the reference structure of any conjugated hydrocarbon is mathematically identical with an alternant hydrocarbon (16) , for which charge density is unity on each carbon atom (49). Therefore, even if the u-technique is employed, the energy of the reference structure remains unchanged. Then, the resonance energies of nonalternant hydrocarbons can be refined simply by applying the w-technique to the real system alone. Resonance energies of alternant hydrocarbons are not modified by this technique. A comparison of the resonance energies derived from the simple HMO and u-technique calculations is made in TABLE 1; a standard value of w=l.4 was used for the latter calculations (41,50). In the case of ionic conjugated systems, the "localized" reference structure is also reorganized by application of the u-technique.
We have not referred to radicals containing unpaired v electrons. Chemically, they show no aromatic behavior, being very reactive and polymerizing easily (51). For these systems, the reference structure must be very unstable, since it must still retain radical character. energy is calculated relative to the energy of such an unstable reference structure, so it can hardly be related to the apparent instability (34) .
It is obvious that this kind of instability has a different origin from antiaromaticity.
RING CURRENTS AND AROMATICITY
In general, diamagnetic susceptibility of an organic molecule is an additive function of its constituents (52) . However, benzene and other cyclic conjugated systems possess rather larger susceptibilities than expected from a comparison with the values of alkenes (53) . It has been accepted that the exaltation of diamagnetic susceptibility is not only a manifestation of the existence of fully delocalized v electrons but also an excellent criterion of aromaticity (54) . It is now known that the induced ring currents are responsible for this magnetic exaltation (18,19). The present theory is useful for clarifying the physical ground for the relationship between resonance energy due to aromaticity and susceptibility due to ring currents (20,21,26,45).
Suppose an external magnetic field of strength H is applied perpendicularly to the planar conjugated system G, and the field-dependent characteristic polynomial is given formally by replacing every ring interaction C in the coefficients of PG(X) for the field-free system by (20,21,26):
Here, C(0) represents C in eq. (9), being equal to the value for the fieldfree system; O=eS/ch, in which is the area of the ith u-electron ring, and e, c, and ii are the constants with these symbols. Bond interactions are not influenced by the field. Therefore, by substitution eq. (18) in eq. (9), the field-dependent u-electron MO energies are written as:
The field-dependent total v-electron energy Ev(H) is then given by summing over all the ui electrons. Coefficients of the reference polynomial do not contain ring interactions, so the "localized" reference structure is independent of the external magnetic field (26,45). Thus, the "localized" reference structure again resembles an acyclic polyene, this time in that the field has no effect.
Diamagnetic susceptibility due to ring currents, Xv is defined as the second derivative of Eu(H) with respect to H (19,20,26). Hence, Ev(H) can be expanded in powers of H: (20) where Bv(O) is identical with Eu in eq. (11). Since an aromatic system does not have a permanent magnetic moment, the term proportional to H vanishes.
We can now prove that the diamagnetic susceptibility due to ring currents really reflects aromaticity. As shown in eq. (18), the magnetic field H affects exclusively the ring interactions. Since H can be treated as a small perturbation, every ring interaction C(H) is a monotonically decreasing function of H. Therefore, the role of the field is to diminish the conrtibution of all ring interactions to the coefficients of the characteristic polynomial, i.e., to change the field-free conjugated system into a variant with smaller ring interactions (26). In this way, the applied field commonly destabilizes an aromatic system, and stabilizes an antiaromatic system. The absolute value of the resonance energy correspondingly decreases in the field, since the energy of the reference structure remains unchanged. According to eq. (20), the decrement of resonance energy due to the field is proportional to the susceptibility due to ring currents, X. Therefore, the sign of resonance energy commonly disagrees with that of x. This is the primary reason why the exaltation of diamagnetic susceptibility is a valid criterion for the determination of aromaticity (54) . As we will see, however, this criterion is not an exact one (20).
The above magnetic behavior of aromatic compounds can be visualized explicitly in the case of comparatively simple conjugated hydrocarbons. For monocyclic and bicyclic hydrocarbons, the reference polynomial is given as (14,15):
where G-r is a subsystem of a conjugated system G, obtained by deleting from where P' (X) is the first derivative of PG(X) with respect to X. Then, the resonance energy is expressed approximately as:
This approximate resonance energy is an additive function of the constituent u-electron rings, so it can be divided among the rings, namely:
j=l PG'(Xj)
Ring resonance energies thus calculated for butalene are listed in TABLE 2. These expressions can also be applied to pericondensed tricyclic hydrocarbons, such as acenaphthylene, aceheptylene, pleiadiene, and cyclopent {cdj azulene (22, 55).
For any conjugated hydrocarbon, diamagnetic susceptibility due to ring currents can be expressed in the analytical form (20):
This is a graph-theoretical version of the London theory of diamagnetism (19). The susceptibility is now an additive function of the u-electron rings, so it can be divided among the rings:
This quantity is called the ring susceptibility. Comparing eqs. (24) and (26), we see that the ith ring resonance energy is evidently related to the ith ring susceptibility; the two expressions differ only by the factor This relationship shows that the sign of the ring susceptibility is opposite to that of the ring resonance energy (22 
Each of the weighting factors -o2 is proportional to the corresponding ring area squared. Therefore, larger rings contribute much more to the susceptibility than to the resonance energy. As a result, the sign of the overall susceptibility is sometimes determined by one or some large rings with small ring resonance energies. If these ring resonance energies are different in sign from the overall resonance energy, the sign of the overall susceptibility will be the same as that of the overall resonance energy. Thus, it is sometimes dangerous to regard the diamagnetic exaltation as an indication of aromaticity. Butalene is one of such exceptions. When there are degenerate orbitals in G, eqs. (22)-(26) need some modification, but eq. (27) still holds (20, 22 ).
An NMR criterion of aromaticity has been used widely, according to which diamagnetic ring currents indicate aromaticity while paramagnetic ring currents indicate antiaromaticity (56) . We can show why compounds with diamagnetic ring currents also have strong conjugative stabilization. The current induced in the ith v-electron ring is given as the first derivative of the ith ring susceptibility with respect to the ring area (57) . Therefore, the sign of the ring current, i.e., the direction of the current, is opposite to the sign of the ring resonance energy. In brief, diatropicity indicates aromaticity of the ring concerned. This provides a theoretical justification for the utility of proton chemical shifts as a conventional measure of aromaticity (56) .
CONCLUDING REMARKS
It was in 1965 that Dewar et al. first published the idea of a "localized" reference structure for conjugated hydrocarbons (8) .
Their reference structure was a patchwork of empirically chosen "polyene" bonds. Our theory, for the first time, was able to define the "localized" reference structure of exactly the same geometry as a real conjugated system. Its mathematical framework is very similar in many respects to that of an acyclic polyene. Three advantages of the theory are that the resonance energy defined in it can be linked to the diamagnetic susceptibility exaltation (i.e., x ), that no fitting of parameters is needed in applications to hydrocarbons,and that molecular ions can be examined in addition to neutral species (58) .
In this paper, conjugated hydrocarbons alone were used to illustrate the theory. The theory is of course applicable to all kinds of compounds, including heterocycles (16,30,59) and three-dimensional conjugated systems (40,60), although some knowledge of simple graph theory (25,61) is needed to obtain the reference polynomials. Even if so, the physical meaning of the resonance energy remains the same. Aromatic transition states in the pericyclic reactions can also be characterized in terms of the present theory (62). In conclusion, aromaticity is best described as being due to delocalization of bonding r electrons, brought about by ring interactions; the ring interactions are always the only source of aromatic stabilization and diamagnetic exaltation.
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